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INTRODUCTION 



I . 

Of the many different digital modulation methods that 
exist, each is designed and utilized so as to improve a 
particular feature of the communication system. Some such 
methods provide increased spectral efficiency while others 
improve overall system performance. Still others simplify the 
receiver structure and thereby reduce hardware costs. In 
order to prudently select the best modulation technique for 
a specific application, corresponding receivers must be 
analyzed and their performance compared using appropriate 
channel models. Although analyses of digital receiver per- 
formances abound in the literature, treatment is usually 
restricted to the case of additive white Gaussian noise (AWGN) 
as the channel interference. The AWGN model, although proba- 
bly the easiest to analyze, seldom accurately describes an 
actual communication channel. For military applications, 
frequently a jamming environment must be assumed in which 
case the AWGN model is inadequate. While a great deal of 
effort has been devoted to the analysis and design of spread 
spectrum communication systems, virtually no documented re- 
ceiver performance results exist for systems designed to 
operate in an AWGN interference that in practice must operate 
in the presence of a "smart" jammer. 
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In this thesis the performance of receivers operating in 
the presence of both AWGN and colored noise jamming is analyzed 
for several digital modulation techniques. Mathematical ex- 
pressions for the receiver error rate performance are derived 
and optimized jamming techniques are developed for each re- 
ceiver structure analyzed. 

The receiver structures considered throughout are assumed 
to be optimally designed, in the sense of minimum probability 
of error performance in an AWGN environment. The colored noise 
jammer is modeled as Gaussian, power limited, uncorrelated with 
the white channel noise and with power spectral density deter- 
mined as part of the optimization procedure. 

Chapter II presents the derivation of symbol error proba- 
bility for a coherent M-ary Phase Shift Keyed (MPSK) receiver 
operating in noise and jamming. Receiver performance curves 
are then presented for several values of M with jamming- to- 
signal ratio (JSR) as an independent variable to show the 
effectiveness of the optimized jammer. The optimum colored 
noise jammer applicable to this problem is developed in detail 
in this chapter. 

In Chapter III the analysis carried out in Chapter II is 
applied to three very important special cases of MPSK signal- 
ing, namely Quadrature Phase Shift Keying (QPSK) , Offset 
Quadrature Phase Shift Keying (OQPSK) and Minimum Shift Keying 
(MSK) . The analysis presented here serves only to highlight 
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the differences between the MPSK techniques and the specific 
special case being considered. 

The analysis in Chapter IV changes focus from coherent 
Phase Shift Keying to Differentially Coherent Phase Shift 
Keying (DPSK) . In contrast to the purely mathematical develop- 
ment conducted in Chapter II, a geometric approach is used in 
order to simplify the analysis. Also, only the binary signal- 
ing case is considered. As in previous chapters, the mathe- 
matical expression for receiver performance is derived, error 
rate performance ' curves are presented and an optimized colored 
noise jammer is developed. 

In Chapter V M-ary Quadrature Amplitude Modulation (MQAM) 
techniques are analyzed in the presence of .colored noise jam- 
ming. Symbol error probability expressions are derived for the 
standard values of M = 16, 64 and 256 as well as for less 
typical M = 32. Receiver performance curves and optimized 
jamming waveforms are also included for each case so as to 
complete the analysis. 

Chapter VI is devoted to the analysis of a digital radio 
transmission technique not treated in classical communication 
theory literature, namely a 16-state AM/PM signaling technique 
recommended by The International Telegraph and Telephone 
Consultative Committee (CCITT) . Receiver performance is 
analyzed in the presence of AWGN both with and without colored 
noise jamming. The analysis of this signaling technique differs 
from those previously considered in that a suboptimum receiver 
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structure is assumed. The suboptimum receiver was chosen 
based on intuitive as well as practical considerations involv- 
ing the implementation of the receiver logic. Also, due to the 
mathematically involved expressions for the symbol error 
probability, no jammer optimization is attempted. Compari- 
sons between this 16 level signaling scheme and other (better 
known) 16 level schemes are presented. 

Finally, Chapter VII provides performance comparisons 
and conclusions to be drawn from the analysis and graphical 
results obtained for the modulation methods considered in this 
thesis . 
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II. COHERENT M-ARY PHASE SHIFT KEYING 



Coherent M-ary Phase Shift Keying (MPSK) is a digital 
signaling technique that provides bandwidth efficiency, con- 
stant signal envelope, relatively good error rate performance 
and simple receiver structures [Ref. 1]. MPSK is a signaling 
scheme that achieves its bandwidth efficiency at the expense 
of signal power. 

A. SIGNAL DETECTION IN THE PRESENCE OF COLORED NOISE JAMMING 
In MPSK modulation, the source transmits one of M signals, 
s^(t), i = 1,2,...,M every T g seconds. The transmitted signal 
is of the form 



s. (t) = /2E /T cos [2TTf A t + — — - +a] (2.1) 

1 s s 0 M 

0<t<T; i = 1 , 2 , . . . , M 
— — s 

where E g is the average signal set energy, a is an arbitrary, 
yet fixed phase and the information is contained in the 
2iT(i-l)/M phase term. 

The optimum receiver for recovering the MPSK signal in 
the presence of AWGN is the maximum a posteriori (MAP) corre- 
lator receiver shown in Figure 2.1. This receiver is optimum 
in the sense of minimum probability of error. 
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NOTE: S.., i = 1,2,... ,M, j = 1,2 represent 

multiplication factors 



Figure 2.1 Optimum MPSK Receiver for AWGN Channel 
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Because the signal is transmitted over a channel assumed 
to be corrupted by both white Gaussian noise and statistically 
independent colored noise jamming, the input to the receiver 
front end is the signal r(t), where 

r(t) = s . (t) + n (t) + n (t) 0 < t < T ; (2.2) 

1 w c — — s 

i = 1 , 2 , . . . , M 

Here, n w (t) is a sample function of a white Gaussian noise 

process with zero mean and two-sided power spectral density 

level N n /2 watts/Hz, and n (t) is a sample function of a 

colored Gaussian noise process having autocorrelation function 

K (t). Since the colored Gaussian noise is generated by a 

jammer operating independently of the AWGN in the channel, 

it is reasonable to assume that n (t) and n (t) are uncorre- 

c w 

lated random processes. Because n (t) and n (t) have Gaussian 
^ c w 

amplitude statistics, the processes are statistically 
independent . 

The receiver takes advantage of the fact that the trans- 
mitted signal s^(t) can be expressed as a linear combination 
of two orthonormal basis functions <J>^ (t) and <p^ (t) where 

4>^(t) = * /2 / T s cos (2Trf 0 t+a) and cf> 2 Ct ) = v/2 / T s sin(2Trf Q t+a) 

(2.3) 



Therefore , 



2 

s. (t) = [ S. d> (t) i = (2.4) 

n=l in n 



where 

T 

s 

S. = / s. (t) <f> (t)dt n = 1,2; i = 1,2,. . . ,M (2.5) 

-L 1 1 q J. II 



In the MPSK case being considered, the two basis functions 
were found by inspection. In more complicated modulation 
schemes it may be necessary to use techniques such as the 
Gramm-Schmitt orthonormalization procedure in order to deter- 
mine the basis functions that allow a signal expansion of the 
form given by equation (2.4). 

From s^(t) and the above definition, it is easily shown that 

„ 2 tt ( i-1 ) . _ ,, i ^ r \ 

S . . = cos -r-. - l = 1,2,. . . ,M (2.6) 

ll M 

S^ 2 = “ sin ^ — l = 1,2,.. . ,M (2.7) 

Assuming equal prior probabilities for the transmitted 
signals, the receiver of Figure 2.1 computes and bases its 
decisions on 



= S . . Y n + S . 0 Y_ 
ll 1 i2 2 



( 2 . 8 ) 



where 
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T 

s 

Y . = / r ( t )' <j> . ( t ) dt j = 1,2 

3 0 3 

Defining now 

fl A 2 TT (i-1) 
l M 

then 

cos 0^ - Y 2 sin0^ = V cos (0^+n) 
i = 1 , 2 , . . . ,M 



(2.9) 



( 2 . 10 ) 



( 2 . 11 ) 



where 



V = \/y^ + y| ? n = tan 1 (Y 2 /Y 1 ) (2.12) 

A determination of the performance of the receiver of 
Figure 2.1 in terms of the probability of decision errors is 
now made by first observing that Y^ and Y 2 are conditionally 
Gaussian random variables. Thus the mean of Y-^ and Y 2 condi- 
tioned on the signal s^ (t) being sent is 

E{ Y, |s. (t) } = /E~ S. n (2.13) 

1 1 1 s il 

E{ Y_ | S . (t) } = /E“ S. 9 (2.14) 

2 ' 1 s i2 
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and similarly, the conditional variance of and Y 2 is 



ol = JL + ( / K (t-T)d-, (t)d-, (x)dt dx (2.15) 

X 1 z 0 0 c 11 



0 



2 

Y. 





K q (t-i) <f >2 (t) <j> 2 ( x ) dt dx 



(2.16) 



In Appendix A we demonstrate that 



T T 
s s 

/ / K (t-x) <J>, (t) <f>. (x ) dtdx 

0 0 11 



A 



T T 
s s 

/ I V 
0 0 



2 

a 

c 



t-x ) <t >2 (t ) <p 2 (t ) dt dx 



(2.17) 



so that the conditional variance of Y^ and Y ^ are identical. 

Another important parameter which is an indication of how 
Y^ and Y 2 are statistically related is the conditional cross 
covariance of Y^ and Y 2 , namely 



E{ [Y 1 ~E{Y 1 }] [Y 2 - E{Y 2 }] } = E{n w n w } + E{n c n c } (2.18) 



where 



n = / 

W j 0 



T T 

s s 

n (t) <p . (t)dt ; n = / n (t) <fi . (t) dt 

w j Cj o c J 



(2.19) 



j = 1,2 
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It is simple to demonstrate that 



E{ n n } = 0 

W 1 W 2 



( 2 . 20 ) 



while the second term in equation (2.18) which takes on the 
form 



T T 
s s 

E{n n } = / / K (t-x) <f>, (t) <})- (t) dt dx 

1 c 2 0 0 



( 2 . 21 ) 



needs more detailed analysis. 'First, we let 



(t) 



. I 



4> i (t) 



0 < t < T 

— — s 



otherwise 



( 2 . 22 ) 



so that 4>^(t) is defined for all time t. Let 4>^(f) and S c (f) 

be the Fourier transforms of <J> ! (t) and K (t) , respectively. 

1 c 

Thus we can show that 



T 

s 



/ 

0 




(t-x) <j> 1 (t) <p 2 (x)dtdx 



/ 5 c (f)$' 1 (-f)$2(f)df (2.23) 



From equation (2.3) it is clear that 




(2.24) 
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and 



a 



c 



2 



W | 

/ 5 c (f) |$ 1 (f) | 2 df 



(2.25) 



This result will prove useful in obtaining the optimum jamming 
spectrum, S (f) . 

We demonstrate in Appendix A that 



which proves that Y^ and are uncorrelated. Since both 
Y^ and Y 2 are conditionally Gaussian random variables, they 
are therefore statistically independent. 

This fact makes the joint probability density function of 
Y-^ and Y 2 mathematically tractable. Using the general form 
for the probability density function (p.d.f.) of an N-dimen- 
sional Gaussian vector x, namely 




0 



(2.26) 



so that 



e{ [y^eCy^] [y 2 -e{y 2 }] } 



0 



(2.27) 





(2 . 28) 



where 
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m = E{x} 

X 



(2.29) 



and 



A = E { (x-m ) (x-m ) } 

~ X ~ ~ X X 



(2.30) 



the joint p.d.f. of Y^ and Y 2 can now be specified. 

The case of MPSK under consideration is a two-dimensional 
problem where 



and 



so that 



m 

—x 



/E = S., 

S ll 



/E S . 0 j 
s i2 J 



i = 1 , 2 , . . . ,M 



(2.31) 



A 



a 2 0 



_ 0 a J 



2 N 0 • 2 
a - T + °c 



(2 . 32) 



A 

-X 1 



r N 0 2,2 4 

+ a c ] = 0 



(2.33) 



From equation (2.32), 



A 



-1 



T l 



(2.34) 
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where I is a correspondingly dimensioned identity matrix. 
Thus, the conditional p.d.f. of Y^ and Y 2 , given that s^(t) 
was transmitted, becomes 



^ 1 ,Y 2 |s.<t) ( yi'S'2l S i (t)) 



2ttct 





[Yt-^S., 1 
1 S ll 


r 


Y -/ITS . , 

L 2 s i2 J 



~l/a 2 0 




” Y. -v / S _ S • , 1 

1 S ll 


) 


. 0 1/c 2 . 




Y 0 -/E”S. 0 

-2 s i2 - 


1 



(2.35) 



i = 1,2, . . . ,M 



A double random variable transformation is now introduced, 
that is , 



V 




+ Y, 



n 



tan 1 (Y 2 /Y 1 ) 



(2.36) 



This transformation leads to a new conditional p.d.f., namely 



f V,H|s i (t) (V ' , 'l S i (t)) * Vf Y ] ,Y 2 |s i (t) (VCOSn ' VSinr ’l S i (t)) 

+ vf y ^ | s . ( t) ( -vc °sn ,-vsinn | s i (t) ) (2.37) 

v > o, o £ n £ it 

where from equation (2.35) we obtain 
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